ABSTRACT Sunspot numbers WN display quasi-periodical variations that undergo regime changes. These irregularities could indicate a chaotic system and be measured by Lyapunov exponents. We define a functional λ (an "irregularity index") that is close to the (maximal) Lyapunov exponent for dynamical systems and well defined for series with a random component: this allows one to work with sunspot numbers. We compute λ for the daily WN from 1850 to 2012 within 4 yr sliding windows: λ exhibit sharp maxima at solar minima and secondary maxima at solar maxima. This pattern is reflected in the ratio R of the amplitudes of the main versus secondary peaks. Two regimes have alternated in the past 150 yr, R1 from 1850 to 1915 (large λ and R values) and R2 from 1935 to 2005 (shrinking difference between main and secondary maxima, R values between 1 and 2). We build an autoregressive model consisting of Poisson noise plus an 11 yr cycle and compute its irregularity index. The transition from R1 to R2 can be reproduced by strengthening the autocorrelation a of the model series. The features of the two regimes are stable for model and WN with respect to embedding dimension and delay. Near the time of the last solar minimum (∼2008), the irregularity index exhibits a peak similar to the peaks observed before 1915. This might signal a regime change back from R2 to R1 and the onset of a significant decrease of solar activity.
INTRODUCTION
Solar activity undergoes quasi-periodical variations such as the Schwabe sunspot cycle (∼11 yr), the Hale magnetic cycle (∼22 yr), or a ∼27 day cycle linked to solar rotation. These variations have characteristic "periods" and "amplitudes" that actually vary with time; there are times when these characteristics change value, possibly indicating changes in the regime of solar activity. Over the past 150 yr, solar activity (as expressed by the sunspot number) has undergone regime changes, such as the jump to the "modern grand maximum" in the 1940s and the recent drop to a new, as yet unknown (intermediate or grand minimum), level. Regime changes have affected, for example, the lifetime of sunspots (Blanter et al. 2005 ), the energy of the 27 day solar signal (Le Mouël et al. 2007 ; defined as the sum of the squares of the Fourier transform of the absolute values of daily sunspot number in a sliding window at frequencies corresponding to solar rotation periods), or the fractal characteristics of sunspot numbers (Bershadskii 2009a) .
The presence of such quasi-periodicities affected by strong regime changes could be accounted for by a chaotic mechanism that would underlie the solar dynamo. This could be identified by computing, based on solar proxies, a correlation dimension, the entropy, the dimension of the attractor, the Lyapunov exponent, or other characteristics of a low-dimensional dynamical system. Saturation of these characteristics with the embedding dimension m and a positive value of the maximal Lyapunov exponent are consistent with (though they do not prove) the low-dimensional chaotic nature of solar activity.
Several papers claim to have obtained successful explicit reconstructions of the low-dimensional dynamical system underlying the solar dynamo. However, estimates of m are rather scattered. They range from 2 to 5 according to Mundt et al. (1991) , Crosson & Binder (2009), and Sello (2003) , and from 6 to 9 according to Ostryakov & Usoskin (1990) and Ruzmaikin et al. (1992) . Mundt et al. (1991) , Zhang (1996) , and Sello (2001) not only reconstruct a dynamical system but also extrapolate solar proxies 3-5 yr forward in time and claim an efficient prediction, with the horizon of prediction agreeing with the computed maximal Lyapunov exponent. However, Price et al. (1992) and Carbonell et al. (1994) reject such estimates and claim that the saturation of different characteristics with m is a consequence of preliminary data smoothing, leading to underestimation of m. According to Carbonell et al. (1994) , the correlation dimension computed for daily sunspot numbers and daily sunspot areas (starting from 1850) fails to saturate up to m = 20. For these authors, a stochastic component of solar activity is implied at the timescales considered. This agrees with Charbonneau & Dikpati (2000) and Choudhuri & Karak (2012) , who estimate the stochastic component directly.
That solar proxy properties could be understood in terms of non-linear oscillators is a widely discussed topic. Modeling the solar dynamo as a low-dimensional dynamical system driven by an appropriate (random or deterministic) force allows one to calibrate a model signal with the observations (Weiss et al. 1984; Serre & Nesme-Ribes 2000; Charbonneau et al. 2007) . Empirical data analysis provides clear evidence of nonlinear effects (Paluš 1995; e.g ., the method of surrogate data, Theiler et al. 1992) . Paluš & Novotná (1999) find a correlation between instantaneous frequencies and amplitude of the sunspot numbers and relate this phenomenon to properties of nonlinear oscillators with, possibly, a random driver. An empirical relationship between the strength of the toroidal field in a given Schwabe cycle and that of the dipolar field in the preceding cycle (Ohl 1966 ) underlies de Jager & Duhau's (2012) prediction of the maximum of current cycle 24.
Despite the generally accepted fact that non-linear effects can be interpreted and modeled in the framework of dynamical systems, a direct reconstruction of the dynamical system underlying the solar dynamo on 10-100 yr scales remains elusive. The present paper relies on the concept of the (maximal) Lyapunov exponent and on concrete computational algorithms by Wolf et al. (1985) and Eckmann et al. (1986) . We define a new functional (that we call "irregularity index") that is close to the Lyapunov exponent for dynamical systems and computable for relatively short time series with a stochastic component. The irregularity index is computed within 3-5 yr long sliding windows. This allows us to explore much shorter timescales than possible in previous studies that searched for traces of a dynamical system in solar proxies; also, we apply a new tool, which involves both concepts of delay and embedding dimension. More precisely, we search for characteristic evolution patterns of the irregularity index that are stable with respect to both delay and embedding dimension, whereas the irregularity index itself may change as a function of m.
Our goal is to construct a simple model signal that could capture at least the Schwabe cycles, the day-to-day correlation between the daily numbers of sunspots WN, and the intercycle variation of the amplitude of local oscillations (from days to weeks) of WN. With this in mind, we start by building a simple autoregressive AR(1) model of sunspot numbers (Section 2), consisting of Poisson noise superimposed on an 11 yr (Schwabe-like) cycle. The model depends on five parameters that characterize the mean of the Poisson process, the shape of the Schwabe cycle, the correlation of appearance of sunspot groups, and their mean numbers. In Section 3, we describe how the irregularity indices of the daily WN series are computed within 4 yr sliding windows, in order to study their decadal to secular evolution (Sections 3.1 and 3.2). We first apply the method to observed sunspot numbers and describe the remarkable structure of the irregularity index, with in general sharp main maxima at minima in sunspot numbers and variable, secondary maxima at solar maxima (Section 3.3). Minima tend to occur on the rising and decreasing ramps of solar activity. We find that in the past 150 yr at least two different regimes have alternated and focus on the dates of transition from one regime to another. We explore a limited range of the two main parameters used in the computation of the irregularity index (Section 3.4), namely, the embedding dimension (from m = 4 to 6) and the delay (from T = 4 to 16). In Section 4, we compute the irregularity index of model series built following the model outlined in Section 2 and study their characteristics as a function of the model parameters. We summarize our main findings in Section 5 and propose some conclusions and perspectives (including some discussion of possible physical understanding of model parameters) in Section 6.
BUILDING AN AUTOREGRESSIVE MODEL OF SUNSPOT NUMBERS
Sunspot numbers (SSN), also known as Wolf numbers (WN), are defined as
where G(t) is the number of sunspot groups at t, S(t) is the number of spots, and k > 0 is the so-called observatory factor. Daily sunspot numbers are shown in Figure 1 from 1850 to 2012. We model G(t) as an auto-regressive process with Poissonian noise. This noise is modulated by a periodic function with a period of 11 yr. This function is chosen as the image of a sine wave under a "mapping" that extends maxima and shrinks minima to mimic the wider maxima of the actual sunspot number series. The number of spots in each group is generated by another Poisson random variable, whose mean is small (resp. large) when the model solar activity attains its minima (resp. maxima).
Let η 0 (t) be the Poisson process with mean μ(t):
where T 1 = 11 yr, c > 1, and the function f(y) :
According to the definition of f, its maxima are wider (resp. narrower) than its minima if d < 1 (resp. d > 1). If d = 1, then f is reduced to the identity and the parameter of the Poisson random variable is modulated by a simple sine wave. Each group of spots is supposed to "remain alive" at the next instant in time with probability a and emergence of new groups is controlled by the Poisson random variable η 0 (t):
where ξ i are independent random variables equal to 1 with probability a and to 0 with probability 1 − a (a ∈ [0, 1]). Since the mean of each random variable ξ i is equal to a, it follows that on average G(t) = aG(t − 1) + μ(t). The modulation of the group number is "hidden" in Equation (2). Since WN displays maxima that are wider than minima, we choose d less than 1. The number of spots s i (t) in each group G(t) is given by η i * +1, where η i * (i = 1, 2, . . .) are independent Poisson random variables with mean
where s * is an additional parameter. The mean number of spots in each group varies with t on the interval [1, s * ], taking on value 1 at the minima of model solar activity (when the number of groups is small) and value s * at the maxima of the activity. Finally, the model signal is
If G(t) = 0, the sum in the last formula is equal to zero by definition. The second term in (6) is the total number of sunspots. Thus, Equation (6) 
Lyapunov Exponents
Lyapunov exponents λ (for general references see Bergé et al. 1984; Oseledets 1968; Eckmann & Ruelle 1985) discriminate low-dimensional dissipative dynamical systems as belonging to the chaotic regime (λ > 0) or as ordered systems (λ < 0, a regime with convergence). There is a link between the magnitude of the Lyapunov exponent and the regularity of the process under scrutiny; the larger the Lyapunov exponent, the stronger the irregularities. These exponents are meant to characterize variability and predictability within a certain period range. When a system is not known a priori to be a lowdimensional dynamical system, Lyapunov exponents help one to distinguish between systems with and without a stochastic component (Mundt et al. 1991; Bershadskii 2009b Bershadskii , 2010 . Without giving a rigorous definition, many authors assume that the stochastic component is (close to) white noise (e.g., Greenkorn 2009 ). More specifically, if the value of λ is close to zero, they assume that the system is stochastic. It is worth noting that the theoretical value of the Lyapunov exponent is zero for a dynamical system with a limit cycle, as well as for a white noise. Other characteristics (Lyapunov spectrum, Kolmogorov entropy, embedding dimension) can be studied through the Lyapunov exponent and may help in identifying the nature of a system. When the available time series is long enough, it is useful to compute the Lyapunov exponent within a sliding window; one considers the data in each window to be generated by a single mechanism. Observed regularities and irregularities in solar activity reflect the behavior of the solar dynamo. Wolf et al. (1985) proposed a procedure to compute the Lyapunov exponent for a finite segment of a time series (u i ), say, u 1 , . . . u N . First, a phase space is constructed as the set of m-dimensional vectors:
Computation of the Irregularity Index
where m and T are known as the embedding dimension and the delay.
Then mapping F is defined by
or F(U i ) = U i+1 , and the Lyapunov exponent is estimated as an optimal λ fitting the approximation
for sufficiently close pairs (U i , U j ) in the phase space, where J is the linear part of F. We consider pairs of closest neighbors (U i , U j ) in the mdimensional embedding space. Since the nearest neighbor of the nearest neighbor of a vector U i can be the vector U i itself, the number of pairs under consideration lies between N-(m-1)T and (N-(m-1)T)/2. A critical distance d * is defined as the value of the distance between these pairs that is exceeded by the fraction (1 − γ ) of the sample (γ is the quantile). Distances d such that d d * are considered to be "small." We form the set Λ consisting of the nearest neighbors (U i , U j ) lying at a small distance in the phase space (whatever their time distance), i.e., dist (U i , U j ) d * , and of their images (FU i 
l is the number of iterations needed for the images of the pair (U i , U j ) to exit the domain of small distances. Because it may not be simple to determine the linear part of the mapping F given by Equation (7), the mapping F itself is taken in Equation (8) instead of its linear part J. The optimal λ then is defined in the following way. The quantity
is computed for all pairs (U i , U j ) of the nearest neighbors and their images (F l U i , F l U j ) that lie at small distances as defined above. The irregularity index is defined as the median of the quantities defined by Equation (9) and is assigned to the middle (N/2) of the window. Now, we want to compute an irregularity index λ for daily sunspot numbers within 4 yr sliding windows (N = 1461). The computation of λ within a 1461 point window cannot scan a high-dimensional embedding space: large values of m would lead to inadequate λ. Since a significant part of solar dynamics can apparently be observed in 4-to 6-dimensional phase space (Crosson & Binder 2009; Sello 2003) , we limit our computation to m ∈ [4, 6]. We choose T ∈ [4, 16] and sample at least ∼1000 vectors. We then investigate the evolution of the irregularity index calculated for different embedding dimensions m and aim at uncovering those properties of λ that are stable with respect to T.
Irregularity Index of WN: Two Regimes
We use daily sunspot numbers from 1850 to 2012, available at sidc.oma.be, and label them u 1 , u 2 , . . . (Figure 1 ). The irregularity indices are computed in 4 yr sliding windows that contain N = 1461 successive daily data and are assigned to the centers of the windows. Formally, the irregularity indices λ(t), t = N/2, N/2 + g, N/2 + 2g, . . ., are computed for the sets
The time shift g between successive windows is set here at N/8 (half a year). In the following first illustrations, the irregularity index λ W is computed with embedding dimension m = 5 and delay T = 8; other values are explored later. Note that in the following figures, curves λ W derived from observed WN data are in red, whereas some model curves λ M to be discussed in Section 4 are superimposed in pale blue (note that, for the sake of visual comparison, the model curves have been transformed, because the lengths of the "real" Schwabe cycles differ from 11 yr. The model curves have been split into successive cycles and the model cycles have been stretched or compressed in time to fit the durations of the observed ones). During the epoch of low solar activity before the 1930s, the irregularity index λ W follows 11 yr Schwabe cycles (Figure 2) . The absence of a maximum in ∼1868 followed by a sharp minimum is the exception. The oscillations of the 4 yr smoothed WN and those of λ W have opposite phase: the irregularity index attains its maxima at the minima of SSN (see also Figure 4 ). This implies that sunspot numbers are more irregular at their minima than at its maxima. This may come as a surprise but can be understood in the following way. Oscillations are clearly larger near maxima than near minima. But what the irregularity index measures is the growth rate of distances between close points in phase space. This growth rate is likely to vary more near minima. There are six minima of SSN before 1920. Five are associated with a maximum of the irregularity index: they are close to 1 three times (after cycles 11, 13, and 14), slightly larger than 0.8 once (after cycle 9), and approximately 0.7 once (after cycle 12). The irregularity index λ W (red curve, Figure 2 ) attains ill-defined secondary local maxima of approximately [0.4, 0.5] at the maxima of SSN. In a small neighborhood of the secondary maxima, λ W falls by approximately 8%-30%. The fall is not symmetrical with respect to the maxima. As a rule, a smaller decrease, by up to 10%, occurs to the right of the maxima, while larger falls occur to the left of the maxima (i.e., during the ascending phase of solar cycles, except for cycle 12; Figure 2 ). Smaller values of the irregularity index correspond to steeper slopes, larger autocorrelation, and possibly smoother intervals of the initial signal (see 2.1): they occur during the ascending phases of Schwabe cycles.
The pattern of the irregularity index changes after the 1930s (Figure 2 minima and maxima of WN is significantly smaller than before 1915. As seen already before 1915, the irregularity index is not symmetrical in the neighborhood of the local maxima associated with the maxima of SSN. λ W is smallest at the left of SSN maxima (cycles 16, 17, 19, 21, 22, 23, Figure 2) ; the difference almost vanishes (though it still exists) in cycles 18 and 20. This confirms the general observation that the ascending phase of solar activity constitutes the smoothest part of the Schwabe cycle. We cannot determine from Figure 2 an exact time for the transition between the two regimes of λ W . The maxima of the irregularity index between cycles 15-16 and 16-17 are intermediate between the preceding and following maxima. Therefore, we can say that the transition occurred during cycles 15-17. This change of regime and the appearance of a remarkable λ W -maximum in ∼2009 that could herald a new regime change are remarkable features of Figure 2 (see also Figure 3 ) and are discussed further in Section 5.
-pattern. The λ W exhibit a recurrent pattern that we represent by the icon , with a secondary maximum framed by two larger maxima (or alternately , i.e., a main maximum framed by two secondary maxima). The synthetic data are built so as to mimic this behavior. We can introduce a weaker criterion that a model series must meet. Consider the average amplitudes (with respect to nearby minima) of the main and secondary maxima and note R > 1 the ratio between them. R was clearly larger (∼4) prior to cycle 15 than after cycle 16 (∼2): the model should be able to exhibit two distinct regimes with these appropriate values of R.
Sensitivity of the Irregularity Index Computation to Parameters m and T
The two regimes of irregularity index λ W are preserved under small variations in the embedding dimension m. More precisely, the shape of the λ W -curve is preserved, whereas the whole curve slowly goes down when m is increased from 4 to 6 ( Figure 4 
SUNSPOT MODEL: PARAMETER TUNING
The SSN model introduced in Section 2 contains five parameters. They are the correlation factor a between successive values of the quasi-AR(1)-process, the vertical shift c and the multiplier h in the modulation equation (2) of the Poisson noise, the exponent d in the mapping Equation (3) that modulates the sine waves, and the maximal number s * of synthetic spots in a group (Equation (5)). In the following subsections, we explore (a small part of) the parameter domains, searching for better simulations of the dynamics of λ W in both regimes, before and after ∼1915-1920. We start with a brief description of some model results. As an illustration, we consider the set of 
Changing c
Parameter c reflects the amplitude of the model series. The ratio of the maximum to minimum of WN (smoothed over 4 yr) reaches two different levels before and after the growth of solar activity in the 1930s. With c taken in the range [1.02, 1.05], the corresponding value of the ratio for the model sunspot series fits the observed one (see Figures 2 and 6 for comparison of 4 yr averages). The λ-curves obtained with c = 1.03 and c = 1.5 are quite similar; when c = 1.5, the main maxima tend to be smaller and are surrounded by slightly deeper minima.
Changing h
In the introduction to this section, we chose the values of the parameters (c = to reproduce the irregularity index regime seen before 1915. We now search whether the second regime of λ W (shown in Figure 2 ) can be reproduced by varying h alone. An increase of h from 0.13 to 0.25 transforms the -pattern with an R-ratio larger than, say, 10 (secondary maxima are hardly seen) into one with R around 2 (Figure 7) . The choice h = 0.25 leads to an R-ratio that fits the observed one (Figures 7 and 2) . The model values of the irregularity index at cycle maxima (called CMAX) remain unchanged when h increases from 0.13 to 0.25. Note: the influences of h and a on the irregularity index are rather similar. Nevertheless, an increase of a gives rise to "triangular white zones" below the maxima of the model signal itself (a = 0.945 versus a = 0.9, Figure 10 and Section 4.4), in better agreement with WN data.
It is understandable that a growth of h induces a general decrease of the λ-curve. Indeed, according to Equation (2), when h increases, the mean μ(t) of the Poisson random variables η 0 (t) increases; the random variable η 0 (t) itself tends to a normal random variable, and the model signal becomes smoother (see Section 3.1 and Bergé et al. 1984) . We checked that further growth of h beyond 0.25 slowly decreases the value of λ at CMAX. But for such h, the λ-curves can take negative values at their minima, which contradicts the observations. Thus, tuning h alone cannot allow passing from one regime of λ W to the other.
Changing the Maximal Number s * of the Spots in a Group
Tuning s * provides qualitatively the same changes of the λ-curve as tuning h (Figure 8 ). An increase reduces the difference between the main and secondary maxima, namely, minima become deeper and the secondary maxima appear, so that R decreases sharply. The value s * = 20 generates local minima of λ M that are too deep (compared to those of λ W ; Figure 2 ), so that s * cannot be taken larger than 20. However, the values of λ M remain unchanged at CMAX when s * increases from 0 to 20. Despite a certain similarity between λ M and λ W , the original signals w M and WN themselves are rather different. 
Changing a
We have already noted that a change in a seems to be required (at least helps) in making the model irregularity index series follow the one derived from observations, with the marked change around 1930 (Figures 4 and 5) . Increasing a from 0.8 to 0.945 (Figure 9 ) reveals the secondary maxima (occurring at CMAX), leading to a -pattern (R decreases from very large values to ∼2), and globally shifts the irregularity indices downward. For example, values of λ M at the secondary maxima for a = 0.9 are larger than for a = 0.945, with one possible exception at ≈ 61 ( Figure 9 ). We already saw in Section 3.4 that the model irregularity indices for a = 0.9 and a = 0.945 agree with that for WN.
The models globally reproduce the shape of the Schwabe cycles themselves (see example in Figure 10 ). The amplitudes of the cycles are more variable for WN than for the synthetic data, but the average values of the amplitudes are similar. The synthetic time series fail to exhibit the asymmetry between descending and ascending phases of the Schwabe cycles, a feature that has not been implemented in the model. Note that the range of variability of sunspot numbers at solar maxima is larger in the model than in the data for a = 0.9 (Figure 10, middle) , but the absence of small sunspot numbers at solar maxima is better modeled when a is increased to 0.95 (appearance of a typical triangular white zone at the "bottom" of the cycles; Figure 10 , bottom).
Changes of d
Choosing d = 0.5 instead of d = 1 eliminates the symmetry of the sine-like waves in Equation (2) at the extrema of the waves. Namely, the maxima become wider than the minima after transformation (3). Such is the case for WN. The irregularity index exhibits a dramatic change when d goes from 0.5 to 1. The behavior of λ becomes more irregular and the -pattern is suppressed when d = 0.75 and (more significantly) d = 1. In the latter case, this pattern is not seen after t = 45.
SUMMARY

Irregularity Indices Derived from Observations
In this paper, we have computed the irregularity index λ W for the daily sunspot numbers WN (1850 WN ( -2012 
Irregularity Indices Derived from Models
We have introduced a simple stochastic model, which is close to an auto-regressive model of order 1, in order to reproduce the two observed regimes R1 and R2. This can be done notably by changing the value of the autocorrelation factor a: an increase of a leads to a shift from regime R1 to regime R2. This increase almost doubles the lifetime ∼1/(1 − a) (consistent with the autocorrelation model of WN by Blanter et al. (2005) , who find a growth of the lifetime by a factor 1.4 in the period [1930] [1931] [1932] [1933] [1934] [1935] [1936] [1937] [1938] [1939] [1940] . Observed sunspot numbers and their models on one hand and the corresponding irregularity indices λ W and λ M on the other hand are reasonably similar (Figures 2, 3 , and 6-11). This visual observation can be quantified by evaluating the correlation between the observed (data-derived) and model curves. This has been done for intervals 1850-1917 and 1918-1990 (Figures 2, 4 , 5).
CONCLUSION: IS A REGIME CHANGE UNDER WAY?
The shape of the irregularity index curve has changed quite dramatically recently, in ∼2005. Close to the time of the last solar minimum (∼2008), the irregularity index exhibits a peak that is similar to the peaks observed before 1915 (Figures 3-5 ). This peak (together with other anomalies that characterize cycles 23 and 24, e.g., Duhau 2003; Hathaway & Rightmire 2011; Le Mouël et al. 2012; Love et al. 2012 ) might signal a regime change and the onset of a significant decrease of solar activity. The irregularity index is computed in sliding windows and assigned to the center of the window. The time series ends by the middle of 2012, and the last point of the irregularity index series is assigned to 2010. The clear increase of the irregularity index at the recent end of the series is therefore not a spurious end-effect.
In this paper we use the irregularity index as a tool to reveal "hidden" properties of the sunspot time series. Although we construct a model with these properties, we are far from a complete understanding of them. We link the two regimes R1 and R2 of solar activity that we have found to irregularity (involving timescales from a small number of days to four years) of the daily sunspot numbers. Differences in this irregularity as observed in the two regimes are most remarkably seen at the minima of solar activity (Figures 2, 4, 5) . With the help of our stochastic model, we explain the transition from regime R1 to R2 by a strengthening of the correlation between (time-wise) nearby data. The physical mechanism underlying the change of the correlation is still to be found. The interval 1915 The interval -1935 , a transition between periods with different chaotic sunspot properties, includes the interval 1915-1930, in which a growth of the energy of ≈27 day oscillations of WN takes place (Le Mouël et al. 2007 ), and the interval 1930 -1940 , in which the lifetime of the sunspots increases to a significantly higher level (Blanter et al. 2005) ; the correlation between WN data that are close in time increases the lifetime. Svalgaard (2012) argues that a new definition of SSN has been applied at the Zurich observatory since ∼1945. Integer weights were likely assigned to each spot; the weights depend on the size and "visibility" of the spots and are chosen between 1 and 5. Unfortunately, the details of this definition are not published. Svalgaard estimates that this has resulted in a ∼1.1-1.2 times abrupt increase of SSN. After (re)calibration, Svalgaard concludes that the secular oscillations of solar activity have remained at the same level since the end of the Maunder minimum. Yet, the regime change we uncover in the present paper cannot be due to the above correction of SSN definition. Indeed, a straightforward multiplication of the series does not affect the irregularity index because the numerator and denominator in Equation (9) are affected by the same factor. Granted, the correction of SSN is more sophisticated than a simple multiplication. However, it should not change the structure of irregularity reflected by our index. Finally and most importantly, the transition of the irregularity index to its new regime starts about 1915 and is over by 1940, i.e., several years before the correction of the SSN definition.
An ambitious task would be to distinguish between the stochastic and deterministic nature of solar activity. We intend to pursue the computation of the irregularity index λ for solar proxies with higher embedding dimensions m and check whether there is saturation of λ with respect to m. We expect that a stochastic component should prevail in solar activity over a deterministic component on timescales from days to months.
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